Turing Machines
Part One



What problems can we solve with a computer?



Languages
recognizable by

Regular any feasible
Languages computing
machine

All Languages



That same drawing, to scale.

All Languages



The Problem

* Finite automata accept precisely the
regular languages.

« We may need unbounded memory to
recognize context-free languages.

* e.g. 1 a"h" | n €N } requires unbounded
counting.

« How do we model a computing device
that has unbounded memory?



A Brief History Lesson



Turing Machines

* In March 1936, Alan Turing
(aged 23!) published a paper
detailing the a-machine (for
automatic machine), an
automaton for computing on
real numbers.

* They’'re now more popularly
referred to as Turing
machines in his honor.

 He also later made
contributions to
computational biology,
artificial intelligence,
cryptography, etc. Seriously,
Google this guy.
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Key Idea: Even if you need huge amounts
of scratch space to perform a calculation,
at each point in the calculation you only
need access to a small amount of that
scratch space.



Turing Machines

« To provide his machines extra memory, Turing gave his
machines access to an infinite tape subdivided into a
number of tape cells.

« A Turing machine can only see one tape cell at a time,
the one pointed at by the tape head.

* The Turing machine can

* read the cell under the tape head,

* (possibly) change which symbol was written under the tape
head, and

 move its tape head to the left or to the right.
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Turing Machines

* Over the years, there have been many simplifications and
edits to Turing’s original automata.

* In practice, electronic computers are written in terms of
individual instructions rather than states and transitions.

» Turing’s original paper deals with computing individual real
numbers; we typically want to compute functions of inputs.

 What we’re going to present as “Turing machines” in this
class differ significantly from Turing’s original
description, while retaining the core essential ideas.

 (Our model is closer to Emil Post’s Formulation 1 and Hao
Wang’s Basic Machine B, for those of you who are curious.)

 If you’d like to learn more about Turing’s original version
of the Turing machine, come chat with me after class!



Turing Machines

« ATM is a series of instructions
that control a tape head as it
moves across an infinite tape.

« The tape begins with the input
string written somewhere,
surrounded by infinitely many
blank cells.

* Rule: The input string cannot
contain blank cells.

 The tape head begins above the
first character of the input. (If the
input is g, the tape head points
somewhere on a blank tape.)

Start:
If Blank Return True
If 'b' Return False
Write 'x'
Move Right
If Not 'b' Return False
Write 'x'

Move Right
Goto Start

a b a

b a b




Turing Machines

- We begin at the Start Start:
label. If Blank Return True
- Labels indicate different If 'b’ Return False
sections of code. The Write 'x'
name Start is special Move Right
and means “begin here. If Not 'b' Return False
- Labels have no etfect Write 'x'

when executed. We just
move to the next line.

Move Right
Goto Start

a b ab ab
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Turing Machines

Start:
If Blank Return True

. If 'b' Return False
checks if the Charactgr Write 'x'
under the tape head is

A statement of the form

If symbol command

Move Right
symbol.
. If Not 'b' Return False
 If so, it executes e
Write "X
command. ,
. Move Right
 If not, nothing happens. Coto Start

a b ab ab
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Turing Machines

Start:
If Blank Return True
If 'b' Return False

e The statement
Write symbol

writes symbol to the Write 'x'

cell under the tape Move Right

head. If Not 'b' Return False
 The symbol can Write 'x’

either be Blank or a Move Right

character in quotes. Goto Start

a b ab ab
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Turing Machines

e The command
Move direction

moves the tape
head one step in
the indicated
direction (either
Left Oor Right).

Start:
If Blank Return True
If 'b' Return False
Write 'x'
Move Right
If Not 'b' Return False
Write 'x'

Move Right
Goto Start

X b




Turing Machines

t:
» The command >tar
If Blank Return True
Move direction If 'B' Return False
moves the tape Write x
head one step in M:zve nggt :
1 | If Not 'b' Return False
the indicated

direction (either Write 'x

Left or Right).

4

Move Right
Goto Start

X b ab ab




Turing Machines

t:
» The command >tar
If Blank Return True
Move direction If 'B' Return False
moves the tape Write x
head one step in M:VG nggt :
1 | If Not 'b' Return False
the indicated

direction (either Write 'x

Left or Right).

4

Move Right
Goto Start

X b ab ab




Turing Machines

Start:
If Blank Return True
If 'b' Return False
Write 'x'
Move Right

« A statement of the form
If Not symbol command

sees if the cell under
the tape head holds
symbol.

 If so, nothing happens.

e If not, it executes
command.

If Not 'b' Return False
Write 'x'

Move Right

Goto Start
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Turing Machines

Start:
If Blank Return True
If 'b' Return False

e The command
Goto label
jumps to the indicated

Write 'x'
label. ,
| | Move Right
 This program just has a If Not 'b' Return False

Start label, but most drite 'x!
interesting programs

have other labels Move Right
beyond this. Goto Start




Turing Machines
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Write 'x'
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| | Move Right
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Turing Machines

- A TM stops when executing |>tart:

the If Blank Return True
Return result If 'b' Return False

command. Write 'x'
« Here, result can be either Move Right

True or False. If Not 'b' Return False
o (If we “fall off” the bottom : Lo

of the program, the TM acts nrite .X

as though it executes the Move Right

Return False command.) Goto Start

X X a b a b
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Turing Machines

- This TM initially started up |>tart:

with the string ababab on If Blank Return True
its tape, so this means that If 'b' Return False
TM returns true on the , .
input ababab, not xxxxxx. Write 'X
* An intuition for this: we Move Right
gave this program an If Not 'b' Return False
input. It therefore Write 'x'

returned true with respect
to that input, not whatever
internal data it generated Goto Start
in making its decision.

Move Right

X X X X X X




Turing Machines

« To summarize, we only Start:
have six commands: If Blank Return True
* Move direction If 'b' Return False
* Write symbol Write 'x'
 Goto label

Move Right
If Not 'b' Return False
Write 'x'

Return result

If symbol command

If Not symbol command

* Despite their simplicitly,
TMs are surprisingly Goto Start
powerful. The rest of this
lecture explores why.

Move Right

X X X X X X




Your Turn!

- Draw what the tape >tart: |
and tape head look like If "a' Goto Mirth
when this TM finishes If Blank Return False
running. Move Right

 Is the input bbaacc Goto Start
accepted or rejected? Mirth:

* More generally, what If 'b" Return True
does this TM do? If Blank Return False

Move Right
Goto Mirth




Programming Turing Machines



Our First Challenge

 The language
{a’" | n €N }

is a canonical example of a nonregular
language. It’s not possible to check if a
string is in this language given only finite
memory.

 Turing machines, however, are powertul
enough to do this. Let’s see how.



L\|

= {a"b" | n € N }




A Recursive Approach

 We can process our string using this
recursive approach:

* The string € is in L.

* The string awb is in L if and only if w is in L.
* Any string starting with b is not in L.

» Any string ending with ais not in L.

 All that’s left to do now is write a TM that
implements this.
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Time-Out for Announcements!



Second Midterm Complete

* You're done with the second midterm exam -
congratulations!

 We will be grading the exam over the weekend
and will get back to you with scores as soon as it’s
ready.

» Solutions are up online, along with information
about historical grade cutoff markers.

Do not withdraw or change your grading
basis unless you have run some projections about
your raw score! Check what the numbers say first.



Problem Set Six

 The TAs are currently finishing grading
PS6. We'll release scores as soon as
they’'re ready.

* Solutions are up on the course website.
Feel free to read over them in the
meantime.



Your Questions



“What is your tavorite bike route
in the Bay Area?”

There are some beautitul, beaufiful
Trails near Crystal Springs Reservoir -
it's veally incredible There, The *Bayway”
goes from SF 1o Mountain View and is a
gareal way To Tour around fhe area,




Back to CS103!



Our Next Challenge

* Let’s now take aim at this more general
language:

{ w € {a, b}* | w has an equal number
of a’'sand b’s }

» This language is not regular (do you see why?)

It is context-free, but it’s a bit tricky to write a
CFG for it. (See PS8!)

* Let’s see how to design a TM for it.
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How do we know that
this blank isn't one of
the infinitely many
blanks after our input
string?
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Another Idea

 We just built a TM for the language

{ w € {a, b}* | w has the same number of
a’s and b’s }.

 An observation: this would be a lot easier to test
for if all the a’s came before all the b’s.

 In fact, that would turn this into checking if the string
has the form a"b", which we already know how to do!

« Idea: Could we sort the characters of our input
string?



The Idea

a ab ab
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a b ab
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a b ab
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The Idea

a a b b




Exploring This Idea



Summary for Today

 Turing machines are abstract computers
that issue commands to an infinite tape
subdivided into cells.

 Each step of the TM can move the tape
head, change what’s on the tape, or jump
to a ditferent part of the program.

« TMs can be composed together to build
larger TMs out of smaller ones.



Next Time

« The Church-Turing Thesis
« How powertul are Turing machines?
* Decidability and Recognizability

« Two notions of “solving a problem.”



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 98
	Slide 99
	Slide 100
	Slide 101
	Slide 102
	Slide 103
	Slide 104
	Slide 105
	Slide 106
	Slide 107
	Slide 108
	Slide 109
	Slide 110
	Slide 111
	Slide 112
	Slide 113
	Slide 114
	Slide 115
	Slide 116
	Slide 117
	Slide 118
	Slide 119
	Slide 120
	Slide 121
	Slide 122
	Slide 123
	Slide 124
	Slide 125
	Slide 126
	Slide 127
	Slide 128
	Slide 129
	Slide 130
	Slide 131
	Slide 132
	Slide 133
	Slide 134
	Slide 135
	Slide 136
	Slide 137
	Slide 138
	Slide 139
	Slide 140
	Slide 141
	Slide 142
	Slide 143
	Slide 144
	Slide 145
	Slide 146
	Slide 147
	Slide 148
	Slide 149
	Slide 150
	Slide 151
	Slide 152
	Slide 153
	Slide 154
	Slide 155
	Slide 156
	Slide 157
	Slide 158
	Slide 159
	Slide 160
	Slide 161
	Slide 162
	Slide 163
	Slide 164
	Slide 165
	Slide 166
	Slide 167
	Slide 168
	Slide 169
	Slide 170
	Slide 171
	Slide 172
	Slide 173
	Slide 174
	Slide 175
	Slide 176
	Slide 177
	Slide 178
	Slide 179
	Slide 180
	Slide 181
	Slide 182
	Slide 183
	Slide 184
	Slide 185
	Slide 186
	Slide 187
	Slide 188
	Slide 189
	Slide 190
	Slide 191
	Slide 192
	Slide 193
	Slide 194
	Slide 195
	Slide 196
	Slide 197
	Slide 198
	Slide 199
	Slide 200
	Slide 201
	Slide 202
	Slide 203
	Slide 204
	Slide 205
	Slide 206
	Slide 207
	Slide 208
	Slide 209
	Slide 210
	Slide 211
	Slide 212
	Slide 213
	Slide 214
	Slide 215
	Slide 216
	Slide 217
	Slide 218
	Slide 219
	Slide 220
	Slide 221
	Slide 222
	Slide 223
	Slide 224
	Slide 225
	Slide 226
	Slide 227
	Slide 228
	Slide 229
	Slide 230
	Slide 231
	Slide 232
	Slide 233
	Slide 234
	Slide 235
	Slide 236
	Slide 237
	Slide 238
	Slide 239
	Slide 240
	Slide 241
	Slide 242
	Slide 243
	Slide 244
	Slide 245
	Slide 246
	Slide 247
	Slide 248
	Slide 249
	Slide 250
	Slide 251
	Slide 252
	Slide 253
	Slide 254
	Slide 255
	Slide 256
	Slide 257
	Slide 258
	Slide 259
	Slide 260
	Slide 261
	Slide 262
	Slide 263
	Slide 264
	Slide 265
	Slide 266
	Slide 267
	Slide 268
	Slide 269
	Slide 270
	Slide 271
	Slide 272
	Slide 273
	Slide 274
	Slide 275
	Slide 276
	Slide 277
	Slide 278
	Slide 279
	Slide 280
	Slide 281
	Slide 282
	Slide 283
	Slide 284
	Slide 285
	Slide 286
	Slide 287
	Slide 288
	Slide 289
	Slide 290
	Slide 291
	Slide 292
	Slide 293
	Slide 294
	Slide 295
	Slide 296
	Slide 297
	Slide 298
	Slide 299
	Slide 300
	Slide 301
	Slide 302
	Slide 303
	Slide 304
	Slide 305
	Slide 306
	Slide 307
	Slide 308
	Slide 309
	Slide 310
	Slide 311
	Slide 312
	Slide 313
	Slide 314
	Slide 315
	Slide 316
	Slide 317
	Slide 318
	Slide 319
	Slide 320
	Slide 321
	Slide 322
	Slide 323
	Slide 324
	Slide 325
	Slide 326
	Slide 327
	Slide 328
	Slide 329
	Slide 330
	Slide 331
	Slide 332
	Slide 333
	Slide 334
	Slide 335
	Slide 336
	Slide 337
	Slide 338
	Slide 339
	Slide 340
	Slide 341
	Slide 342
	Slide 343
	Slide 344
	Slide 345
	Slide 346
	Slide 347
	Slide 348
	Slide 349
	Slide 350
	Slide 351
	Slide 352
	Slide 353
	Slide 354
	Slide 355
	Slide 356
	Slide 357
	Slide 358
	Slide 359
	Slide 360
	Slide 361
	Slide 362
	Slide 363
	Slide 364
	Slide 365
	Slide 366
	Slide 367
	Slide 368
	Slide 369
	Slide 370
	Slide 371
	Slide 372
	Slide 373
	Slide 374
	Slide 375
	Slide 376
	Slide 377
	Slide 378
	Slide 379
	Slide 380
	Slide 381
	Slide 382
	Slide 383
	Slide 384
	Slide 385
	Slide 386
	Slide 387
	Slide 388
	Slide 389
	Slide 390
	Slide 391
	Slide 392
	Slide 393
	Slide 394
	Slide 395
	Slide 396
	Slide 397
	Slide 398
	Slide 399
	Slide 400
	Slide 401
	Slide 402
	Slide 403
	Slide 404
	Slide 405
	Slide 406
	Slide 407
	Slide 408
	Slide 409
	Slide 410
	Slide 411
	Slide 412
	Slide 413
	Slide 414
	Slide 415
	Slide 416
	Slide 417
	Slide 418
	Slide 419
	Slide 420
	Slide 421
	Slide 422
	Slide 423
	Slide 424
	Slide 425
	Slide 426
	Slide 427
	Slide 428
	Slide 429
	Slide 430
	Slide 431
	Slide 432
	Slide 433
	Slide 434
	Slide 435
	Slide 436
	Slide 437
	Slide 438
	Slide 439
	Slide 440
	Slide 441
	Slide 442
	Slide 443
	Slide 444
	Slide 445
	Slide 446
	Slide 447
	Slide 448
	Slide 449
	Slide 450
	Slide 451
	Slide 452
	Slide 453
	Slide 454
	Slide 455
	Slide 456
	Slide 457
	Slide 458
	Slide 459
	Slide 460
	Slide 461
	Slide 462
	Slide 463
	Slide 464
	Slide 465
	Slide 466
	Slide 467
	Slide 468
	Slide 469
	Slide 470
	Slide 471
	Slide 472
	Slide 473
	Slide 474
	Slide 475
	Slide 476
	Slide 477
	Slide 478
	Slide 479
	Slide 480
	Slide 481
	Slide 482
	Slide 483
	Slide 484
	Slide 485
	Slide 486
	Slide 487
	Slide 488
	Slide 489
	Slide 490
	Slide 491
	Slide 492
	Slide 493
	Slide 494
	Slide 495
	Slide 496
	Slide 497
	Slide 498
	Slide 499
	Slide 500
	Slide 501
	Slide 502
	Slide 503
	Slide 504
	Slide 505
	Slide 506
	Slide 507
	Slide 508
	Slide 509
	Slide 510
	Slide 511
	Slide 512
	Slide 513
	Slide 514
	Slide 515
	Slide 516
	Slide 517
	Slide 518
	Slide 519
	Slide 520
	Slide 521
	Slide 522
	Slide 523
	Slide 524
	Slide 525
	Slide 526
	Slide 527
	Slide 528
	Slide 529
	Slide 530
	Slide 531
	Slide 532
	Slide 533
	Slide 534
	Slide 535
	Slide 536
	Slide 537
	Slide 538
	Slide 539
	Slide 540
	Slide 541
	Slide 542
	Slide 543
	Slide 544
	Slide 545
	Slide 546
	Slide 547
	Slide 548
	Slide 549
	Slide 550
	Slide 551
	Slide 552
	Slide 553
	Slide 554
	Slide 555
	Slide 556
	Slide 557
	Slide 558
	Slide 559
	Slide 560
	Slide 561
	Slide 562
	Slide 563
	Slide 564
	Slide 565
	Slide 566
	Slide 567
	Slide 568
	Slide 569
	Slide 570
	Slide 571
	Slide 572
	Slide 573
	Slide 574
	Slide 575
	Slide 576
	Slide 577
	Slide 578
	Slide 579
	Slide 580
	Slide 581
	Slide 582
	Slide 583
	Slide 584
	Slide 585
	Slide 586
	Slide 587
	Slide 588
	Slide 589
	Slide 590
	Slide 591
	Slide 592
	Slide 593
	Slide 594
	Slide 595
	Slide 596
	Slide 597
	Slide 598
	Slide 599
	Slide 600
	Slide 601
	Slide 602
	Slide 603
	Slide 604
	Slide 605
	Slide 606
	Slide 607
	Slide 608
	Slide 609
	Slide 610
	Slide 611
	Slide 612
	Slide 613
	Slide 614
	Slide 615
	Slide 616
	Slide 617
	Slide 618
	Slide 619
	Slide 620
	Slide 621
	Slide 622
	Slide 623
	Slide 624
	Slide 625
	Slide 626
	Slide 627
	Slide 628
	Slide 629
	Slide 630
	Slide 631
	Slide 632
	Slide 633
	Slide 634
	Slide 635
	Slide 636
	Slide 637
	Slide 638
	Slide 639
	Slide 640
	Slide 641
	Slide 642
	Slide 643
	Slide 644
	Slide 645
	Slide 646
	Slide 647
	Slide 648
	Slide 649
	Slide 650
	Slide 651
	Slide 652
	Slide 653
	Slide 654
	Slide 655
	Slide 656
	Slide 661
	Slide 662

